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Counting elliptic curves

Naive height:
E/Q elliptic curve.

E:Y?=X3+aX+b (ab)eZ® Vp:p* faorp® /b

Hnaive(E) = max(|a2|, |b3|)
Unstable Faltings height:
F number field, E/F elliptic curve

Heaie(E) := A™MN(E/F) H A(TE7V)_"VS(TE,V)_6”V E(Q,) 2 C/Z+1Ee 2.
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Counting elliptic curves

Naive height:
E/Q elliptic curve.

E:Y?=X3+aX+b (ab)eZ® Vp:p* faorp® /b

Hnaive(E) = max(|a2|, |b3|)
Unstable Faltings height:
F number field, E/F elliptic curve
Heaie(E) := A™MN(E/F) H A(TE’V)_"VS(TE,V)_MV E(Q,) 2 C/Z+1Ee 2.

v|oo

Nortcott property: for every B > 0 there are only finitely isomorphism
classes of elliptic curves such that H(E) < B. (H = Huaive, H = Hfart)
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One has that

‘{E/Q‘Hnaive(E) < B}‘ = C(;I:O)BS/6 + 0(81/2)
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One has that

‘{E/Q‘Hnaive(E) < B}‘ = i85/6 + O(BI/Z)

¢(10)
Theorem (Hortsch. '15)
One has that
120 5/6 1 3
{E/QlHra(E) < B}| = 4(10)8 + O(B2(log(B))*),
where e
2 [ | A>re)S(7e)® L, 6912t
775 /_oo ‘ 16(4t + 27) de (i(r) = 4t + 27)
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Algebraic stacks

The stack M 1 classifies elliptic curves:

Mi1(V) ={E — V smooth, with geometric fibers elliptic curves}.
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Algebraic stacks

The stack M 1 classifies elliptic curves:

Mi1(V) ={E — V smooth, with geometric fibers elliptic curves}.

Let G be an algebraic group acting on a variety X. The stack X/G
classifies G-torsors:

(X/G)(V) :={Gy — equivariant morphismsT — Xy,
whereT — V' is a G — torsor}.

We write BG for the stack {-}/G.
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Weighted projective stacks

Let n € Z-o and let a € ZZ,.
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Weighted projective stacks

Let n € Z-o and let a € ZZ,.
The scheme G, acts on A” — {0} as follows:

t-(x1,. .y xn) = (1, ..., t77Xp).
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t-(x1,. .y xn) = (1, ..., t77Xp).

Let P(a) := (A" — {0})/G, be the quotient stack.
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Weighted projective stacks

Let n € Z-o and let a € ZZ,.
The scheme G, acts on A” — {0} as follows:

t-(x1,. .y xn) = (1, ..., t77Xp).
Let P(a) := (A" — {0})/G, be the quotient stack.
When n=1,a > 1, one has

Bus = P(a).
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Rational points of P(a)

R a local ring.
Hilbert 90 theorem: H(Spec R,G,,) = {0}.
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Rational points of P(a)

R a local ring.
Hilbert 90 theorem: H(Spec R,G,,) = {0}.
We deduce that R-point on P(a) is given by a morphism

(Gm)r — (A" — {0})g, two morphisms x,y define the same point if and
only if there exists t € G(R) such that x(1) =t - y(1).
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Rational points of P(a)

R a local ring.

Hilbert 90 theorem: H(Spec R,G,,) = {0}.

We deduce that R-point on P(a) is given by a morphism

(Gm)r — (A" — {0})g, two morphisms x,y define the same point if and

only if there exists t € G(R) such that x(1) =t - y(1).
P(a)(R) = (A" = {0})(R)/R™.

P(a)(K) = (K" — {0})/K*. (K a field).
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Rational points of P(a)

R a local ring.
Hilbert 90 theorem: H(Spec R,G,,) = {0}.
We deduce that R-point on P(a) is given by a morphism

(Gm)r — (A" — {0})g, two morphisms x,y define the same point if and
only if there exists t € G(R) such that x(1) =t - y(1).

P(a)(R) = (A" = {0})(R)/R™.

P(a)(K) = (K" —{0})/K*. (K a field).
One has an embedding

(M1.1)spec(zir/e)) € P(4,6)spec(z[1/6])
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Topology on P(a)(Q),)

We say that U C P(a)(Qp) is open if for every morphism f : V — P(a),
with V locally of finite type scheme, the preimage f(Q,) (V) is open.
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Topology on P(a)(Q),)

We say that U C P(a)(Qp) is open if for every morphism f : V — P(a),
with V locally of finite type scheme, the preimage f(Q,) (V) is open.
One has that P(a)(Q)) as topological space is the quotient Q — {0}/Qj .
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Line bundles on P(a)

X /G quotient stack.
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Line bundles on P

X /G quotient stack.

There exists an equivalence of the category of line bundles on X/G and
the category of line bundles on X endowed with G-linearizations.
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Line bundles on P

X /G quotient stack.
There exists an equivalence of the category of line bundles on X/G and

the category of line bundles on X endowed with G-linearizations.
Sections < invariant sections.
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Line bundles on P(a)

X /G quotient stack.

There exists an equivalence of the category of line bundles on X/G and
the category of line bundles on X endowed with G-linearizations.
Sections < invariant sections.

Pic(A" — {0}) = {0} = the category of line bundles on P(a) is
equivalent to the category of Gp,-linearizations of the trivial bundle
OAn_{O}.
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Line bundles on P(a)

X /G quotient stack.

There exists an equivalence of the category of line bundles on X/G and
the category of line bundles on X endowed with G-linearizations.
Sections < invariant sections.

Pic(A" — {0}) = {0} = the category of line bundles on P(a) is
equivalent to the category of Gp,-linearizations of the trivial bundle
OAn_{O}.

Y :Gymx (A" —{0}) = G, w(t't,x) = w(t, t- x)Y(t, x).

Pic(P(a)) = Z,if n > 1 and Pic(P(a)) = Z/aZ if n = 1.
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Metrized line bundles

If L — P(4,6) is a line bundle, then L(Qp) — P(4,6)(Qp) is a topological
line bundle.
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Metrized line bundles

If L — P(4,6) is a line bundle, then L(Qp) — P(4,6)(Qp) is a topological

line bundle.
A metric || - ||, on L(Qp) induces a G,(Qp)-invariant metric || - [|; on the

trivial line bundle (A" — {0})(Q,) x AY(Q,) — (A" — {0})(Qp).
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Metrized line bundles

If L — P(4,6) is a line bundle, then L(Qp) — P(4,6)(Qp) is a topological
line bundle.
A metric || - ||, on L(Qp) induces a Gp,(Qp)-invariant metric || -
trivial line bundle (A" — {0})(Q,) x AY(Qp) — (A" — {0})(Qp).
If s is a section of O(k), the pullback s is a (4,6)-homogenous polynomial
of weighted degree k.
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Metrized line bundles

If L — P(4,6) is a line bundle, then L(Qp) — P(4,6)(Qp) is a topological
line bundle.

A metric || - ||, on L(Qp) induces a G,(Qp)-invariant metric || - [|; on the
trivial line bundle (A" — {0})(Q,) x AY(Qp) — (A" — {0})(Qp).

If s is a section of O(k), the pullback s is a (4,6)-homogenous polynomial
of weighted degree k.

[s(t- %) K 1)
Isl5(e-%) " PIsCIl

A metric on O(k)(Qp) — P(4,6)(Qp) corresponds to a continuous
function f, : Q3 — {0} — Ruo s.t. fo(t - x) = |t|5fp(x).

= |t]
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Stable height

The stack P(4,6) is proper.
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However, a rational point x € P(4,6)(Qp) does not necessary extend to an
integer point P(4,6)(Zp).
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In fact x € P(4,6)(Qp) extends to a Zp-point if and only if the
corresponding elliptic curve it has a good or multiplicative reduction at p.

Ratko Darda (University of Paris)

Manin conjecture for algebraic stacks

February 19, 2021 9/21



Stable height

The stack P(4,6) is proper.
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integer point P(4,6)(Zp).

In fact x € P(4,6)(Qp) extends to a Zp-point if and only if the
corresponding elliptic curve it has a good or multiplicative reduction at p.
Valuative criterion of properness give extension to an A-point, where A is
the integral closure of Z, in a finite extension K/Q,.
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Stable height

The stack P(4,6) is proper.

However, a rational point x € P(4,6)(Qp) does not necessary extend to an
integer point P(4,6)(Zp).

In fact x € P(4,6)(Qp) extends to a Zp-point if and only if the
corresponding elliptic curve it has a good or multiplicative reduction at p.
Valuative criterion of properness give extension to an A-point, where A is
the integral closure of Z, in a finite extension K/Q,.

Such extensions produce stable heights.

Problem:

Stable heights do not satisfy Northcott property. Two elliptic curves
having the same j-invariant are not necessary isomorphic over Q.
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Stack P(4,6)

We define P(4,6) = A2/G,y,.
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We define P(4,6) = A2/G,y,.
Every rational point x € P(4,6)(Qp) extends to X € P(4,6)(Zp).
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Stack P(4,6)

We define P(4,6) = A2/G,y,.
Every rational point x € P(4,6)(Qp) extends to X € P(4,6)(Zp).
The stack P(4,6);_ is not separated.
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Stack P(4,6)

We define P(4,6) = A2/G,y,.

Every rational point x € P(4,6)(Qp) extends to X € P(4,6)(Zp).
The stack P(4,6);_ is not separated.

Extensions of the point [1/p,1/p* are [p3, p?], [P, P%], [P*}, P, .. ..
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Toric metric

One has Pic(P(4,6)) = Z.
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Toric metric

One has Pic(P(4,6)) = Z.Line bundle O(12) on P(4,6) corresponds to
the module Z,[X, Y] endowed with the graduation for which
deg(X) = —8 and deg(Y) = —6.
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Toric metric

One has Pic(P(4,6)) = Z.Line bundle O(12) on P(4,6) corresponds to
the module Z,[X, Y] endowed with the graduation for which
deg(X) = —8 and deg(Y) = —6.

Definition

Let x € P(4,6)(Qp) and let £ € O(12)(x). We define

1¢]]# = inf{ inf {|a|,|¢ € ax*O(12)}}.
X a2eQy
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Toric metric

One has Pic(P(4,6)) = Z.Line bundle O(12) on P(4,6) corresponds to
the module Z,[X, Y] endowed with the graduation for which
deg(X) = —8 and deg(Y) = —6.

Definition

Let x € P(4,6)(Qp) and let £ € O(12)(x). We define

1¢]]# = inf{ inf {|a|,|¢ € ax*O(12)}}.
X a2eQy

We set D ={x € Z2 - {0}|Fj : v(x)) < aj}
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Toric metric

One has Pic(P(4,6)) = Z.Line bundle O(12) on P(4,6) corresponds to
the module Z,[X, Y] endowed with the graduation for which
deg(X) = —8 and deg(Y) = —6.

Definition

Let x € P(4,6)(Qp) and let £ € O(12)(x). We define

1¢]]# = inf{ inf {|a|,|¢ € ax*O(12)}}.
X a2eQy

We set D = {x € Z2 — {0}|3j : v(xj) < a;} and we let P(4,6)(Z
be its image in 73(4, 6)( p)-

p)prim

Set Xprim to be the unique extension of x in P(4,6)(Z

p)prim-
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Toric metric

One has Pic(P(4,6)) = Z.Line bundle O(12) on P(4,6) corresponds to
the module Z,[X, Y] endowed with the graduation for which
deg(X) = —8 and deg(Y) = —6.

Definition

Let x € P(4,6)(Qp) and let £ € O(12)(x). We define

1¢]]# = inf{ inf {|a|,|¢ € ax*O(12)}}.
X a2eQy

We set D = {x € Z2 — {0}|3j : v(xj) < a;} and we let P(4,6)(Z
be its image in 73(4, 6)( p)-

p)prim

Set Xprim to be the unique extension of x in P(4,6)(Z

p)prim-

14117 = inf gz {lalp]¢ € Xprim™O(12)},

Ratko Darda (University of Paris) Manin conjecture for algebraic stacks February 19, 2021 1 /21



Toric heights

The metric corresponds to fp# ; Q,% — {0} — R is given by

fp#(x) — p12rp(x)’ I’p(X) — sup ’V_V(XJ)-‘ ]
=12 ] 3
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=12 ] 3

—12v
Flppo =1 fo(t-x) = [m[s > h(x).

fZ(x) = max(|x/?, |xal*)
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Toric heights

The metric corresponds to fp# ; Q,% — {0} — R is given by

fp#(x) _ p12rp(x)’ I’p(X) — sup ’V—V(Xj)-‘ )
Jj=12 aj

—12v
Flppo =1 fo(t-x) = [m[s > h(x).

fZ(x) = max(|x/?, |xal*)

Consider family (f,)p such that for almost all p one has f, = fp#. For
x € P(4,6)(Q), pick a lift x € Q% — {0}.
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Toric heights

The metric corresponds to fp# ; Q,% — {0} — R is given by

fp#(x) _ p12rp(x)’ I’p(X) — sup ’V—V(Xj)-‘ )
Jj=12 aj

—12v
Flppo =1 fo(t-x) = [m[s > h(x).

fZ(x) = max(|x/?, |xal*)

Consider family (f,)p such that for almost all p one has f, = fp#. For
x € P(4,6)(Q), pick a lift x € Q% — {0}.

H(x) =[] %(x).
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Examples of toric height

a=1¢c7Z" H” = Hpax.
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Examples of toric height

a=1¢c7Z" H? = Hnpay.
a = (4,6) then the naive height is toric

(a,b) € Z2¥p : p* Jaor p® fb < (a,b) ﬂD(46)ﬂZ2
p

Ratko Darda (University of Paris) Manin conjecture for algebraic stacks February 19, 2021 13 /21



Examples of toric height

a=1¢c7Z" H? = Hnpay.
a = (4,6) then the naive height is toric

(a,b) € Z2¥p : p* Jaor p® fb < (a,b) € ﬂD,(,4’6) nz2.
p

Suppose n =1 and a > 2.

x € P(a)(Q) = Q*/Q** = H¥(x) =%, (X€ZVp:p’ [X).
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Faltings height

p > 3, p prime: precisely the toric metric, because it admits minimal
model Y2 = X3 + aX + b with (a, b) € DS

p = 2,3: we need to change the metric.

p = oot || Y2[|([a, b]) = g5 (T)S()|° =g(r)+00 Olog(li(T)[)°)-

Proposition
There exist C, m > 0 such that

Hsing(X) > CH¥ (x) log(1 + H#(x))™"™.
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Measures on P(4,6)(Qp)

We set dx, be the Haar measure on Qp, normalized by dx,(Z,) = 1 and
dxso the Lebesgue measure on R.
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Measures on P(4,6)(Qp)

We set dx, be the Haar measure on Qp, normalized by dx,(Z,) = 1 and
dxso the Lebesgue measure on R.

Let f, : Q3 — {0} — Rsg be a continuous function such that
ot x) = [t[;°F(x).
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Measures on P(4,6)(Qp)

We set dx, be the Haar measure on Qp, normalized by dx,(Z,) = 1 and
dxso the Lebesgue measure on R.

Let f, : Q3 — {0} — Rsg be a continuous function such that
fo(t - x) = [t 0F(x).
Observe that

/fp_ldxpdyp:/ fp_ldxpdyp.
V) t-U
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Measures on P(4,6)(Qp)

We set dx, be the Haar measure on Qp, normalized by dx,(Z,) = 1 and
dxso the Lebesgue measure on R.

Let f, : Q3 — {0} — Rsg be a continuous function such that
ot x) = [t[;°F(x).

Observe that
/fp_ldxpdyp:/ fp_ldxpdyp.
7] tU

We set dx, = dx; /|x|p, it is a Haar measure on Q.
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Measures on P(4,6)(Qp)

We set dx, be the Haar measure on Qp, normalized by dx,(Z,) = 1 and
dxso the Lebesgue measure on R.

Let f, : Q3 — {0} — Rsg be a continuous function such that
fo(t - x) = [t 0F(x).
Observe that

/fp_ldxpdyp:/ fp_ldxpdyp.
V) t-U

We set dx, = dx; /|x|p, it is a Haar measure on Q.
We obtain a quotient measure wp, = £ tdx,dy,/d*x, on P(4,6)(Qp).
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We set dx, be the Haar measure on Qp, normalized by dx,(Z,) = 1 and
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Measures on P(4,6)(Qp)

We set dx, be the Haar measure on Qp, normalized by dx,(Z,) = 1 and
dxso the Lebesgue measure on R.

Let f, : Q3 — {0} — Rsg be a continuous function such that

ot - x) = [t;"F(x).

Observe that
/fp_ldxpdyp:/ fp_ldxpdyp.
7] tU

We set dx, = dx; /|x|p, it is a Haar measure on Q.
We obtain a quotient measure wp, = £ tdx,dy,/d*x, on P(4,6)(Qp).

If f, = £ is toric we get wif (P(4, 6)(Qp)) = %
If f, is “singular”, but f1is integrable over D,(,4’6) if p finite and fp_l is

integrable over (Q;)”_f x {1} we can still define measures.
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Constant of Peyre

CPeyre(P(4> 6)) :
1 <§p(1)1wp(77(4,6)((@p))>woo(73(476)(R))

p prime

—¢10) ] <<p(1o><p(1)1wp(7>(4,6>(@p>)) x

peS

X woo(P(47 6)(R))7

where S is the set of primes for which f, is not toric.



Constant of Peyre

Cpeyre(P(4,6)) :
- 11 (cpu)1wp(7>(4,6><@p>))woo(73(4,6)(R))
p prime
—¢10) ] <<p(1o><p(1)1wp(7>(4,6)(@p>)) x

peS

X woo(P(47 6)(R))7

where S is the set of primes for which f, is not toric.
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Conjecture of Manin-Peyre

F number field.
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Conjecture of Manin-Peyre

F number field.

Set Cpeyre('])(a)) = CPeyre(P(a))'
Theorem (D.)

Let H be a nonsingular toric height coming from O(a; + --- + a,). There
exists an open substack U C P(4,6) such that

{x e U(F)|H(x) < B} ~ Cpeyre(P(a))B.
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|dea of the proof

Count rational points on the “stacky” torus

T8 = G2, /G C A2 — {0}/Gp = P(a) C P(a).
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|dea of the proof

Count rational points on the “stacky” torus

T8 = G2, /G C A2 — {0}/Gp = P(a) C P(a).

The image of i : T#9)(Q) — THO)(Ag) = H;T4’6(Qp)[7'4’6(Zp)] is
closed and discrete, and the quotient 7(*6)(Aq)/i(T*°(4,6)) is given by
a compact group times R.
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|dea of the proof

Count rational points on the “stacky” torus

T8 = G2, /G C A2 — {0}/Gp = P(a) C P(a).

The image of i : 7’(4:6)(Q) — T(476)(AQ) = H;T4’6(Qp)[T4’6(ZP)] is
closed and discrete, and the quotient 7(*6)(Aq)/i(T*°(4,6)) is given by
a compact group times R.

Let Hp(s, x) = |x1|, % x|, fp#(x)251/5+352/5, we have

H(x) = Hp Hp(1,1,x).
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|dea of the proof

Count rational points on the “stacky” torus

T8 = G2, /G C A2 — {0}/Gp = P(a) C P(a).

The image of i : 7’(4:6)(Q) — T(476)(AQ) = H;T4’6(Qp)[T4’6(ZP)] is
closed and discrete, and the quotient 7(*6)(Aq)/i(T*°(4,6)) is given by
a compact group times R.

Let Hp(s, x) = |x1|, % x|, fp#(x)251/5+352/5, we have

H(x) = Hp Hp(1,1,x).

Z(s)= > H(-s,x)= > H(-sx)
x€T*6(Q) x€i(T*8(Q))

H(s, x)dx*

/(74’6(»“@)//(74’6(@)))*
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Counting torsors

F-number field.
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Counting torsors

F-number field.
G a finite group.
Let D(K/F) be the norm of the discriminant of the field extension K/F.
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Counting torsors

F-number field.

G a finite group.

Let D(K/F) be the norm of the discriminant of the field extension K/F.
Conjecture (Malle 2002)

There exists C(G, F) > 0 such that

|[{K/F Galois| Gal(K/F) = G,D(K/F) < B}|
~ C(G, F)B*“)(log(B))""©),

when B — oo, with a(G) and b(F, G) explicit.
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Counting torsors

F-number field.

G a finite group.

Let D(K/F) be the norm of the discriminant of the field extension K/F.
Conjecture (Malle 2002)

There exists C(G, F) > 0 such that

|[{K/F Galois| Gal(K/F) = G,D(K/F) < B}|
~ C(G, F)B*“)(log(B))""©),

when B — oo, with a(G) and b(F, G) explicit.

G commutative (Wright 1989),
G = S3 (Davenport, Heilbronn 1971),
G = 54, S5 (Bhargava 2005, 2012)
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Counting torsors

F-number field.
G a finite group.
Let D(K/F) be the norm of the discriminant of the field extension K/F.

Conjecture (Malle 2002)
There exists C(G, F) > 0 such that

|[{K/F Galois| Gal(K/F) = G,D(K/F) < B}|
~ C(G, F)B*“)(log(B))""©),

when B — oo, with a(G) and b(F, G) explicit.

G commutative (Wright 1989),
G = S3 (Davenport, Heilbronn 1971),
G = 54, S5 (Bhargava 2005, 2012)

A Galois extension K/F of Galois group G defines a G-torsor
Spec(K) — Spec(F) i.e. a rational point of BG.
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Counting torsors

G=pza>2

Proposition (D.)
One has that

[{x € Byua(F)ID(x) < BY| ~ c(a, F)BT (log(B))" 2,

where r is the smallest prime of a.
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Thank you!
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