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1. Background
•

elliptic curve Elk : an algebraic curve of gems one , with a
specified base point ; it has Weierstrass equation of form

y
't ai ytazy

= ✗
'
+ azxt + a¢x+a6 .

ait K.

• few chant-1-2, we may
unite this as

y2 = 4×3 + bz I + 2b¢ Xtbb

and define C+ := bi- 24b¢
co := -bit 36 baby - 216by
a := Iz, dis- Cf)
j : = d- g.

3

• for chant-1-2.3 , we may further
reduce this to

y2= ×
}
- 27cg X -54cg

a- a-
4=-1614173+27BY

j= -iz 172814A)
3

(details in Silverman



• shorten - Weir theorem :

EIQ) I Eton, ✗ In
rank

•
we understand Etons quite well

for example ( Marvin,
'77,178) : Eton is isomorphic to one of

IINI
,

11N£10 or N
- 12 .

1/22×2/2NI
,

LINE4 .

• hank remains mysterious .

conjecture how large
(weak Binah- and is the rank conjecture

Swinnerton -Dyer): on average ? (Goldfield) :

consider the quadraticlet man : -- onder
twists of E :

of vanishing of
LCE, s) at 5=1. {Ed : dy2=x3tAxtB ,

widely believed Then Van -_ v. d squarefree} .

to be true : Then ~ 50% of Ed 's
proven for
ran

--0, ran--1 average rank have r=O (uesp 1)
favors-zagien.

'86 .

away :=
¥1s IH-t-A.BE and the nest have

Kolyvagin .

' 89,
Rubin

,

' 91, IHIEIAIBIKX pz 2 ,
Breuil - Conrad.

Diamond. Taylor,
'01) where HIECABD:=ma×{41A>IFIÑ}

widely believed
to be tune

woot number

WCE) : -1-1)
"" avid I 16

( Bhargava. Shankar,
'15)

parity
conjecture conjecture : how large
W(E) =L-15; there exists

can the

elliptic curves nana get?ran -=v(mod2) of arbitrarily
large rank .

Undecided



beginning of time
.

•

1938-3 (Billing)

1945 -4 (Wiman)

1954-11 (Nénon)....÷.1975 - 7

1977 - 8 (Grunewald-Zimmerly
9 (Bulmer- Kramer)

1982 - 12 (Mestre)

1986 - 14 (Mestre)

1992 - 15 (Mestre) , 17 (Nagao), 19 (Fetrmigien)
1993 - 20 (Nagao)
1994 - 21 (Nagao

- Konya)

1997 - 22 (Fevmigien)
1998 - 23 (Martin - McMillen)
2000 - 24 (Martin- Mcmillen)

2006 - 28 ( ElKies)

2018 - bounded ? rank I 21 for all but
(timeline taken from
Dnjeua 's webpage on

the • finitely many elliptic curves
?

History of elliptic
curves now- (park, Poonen, Voight. Wood).

rank records)



2.Transition of elliptic curves

• family of elliptic curves
: E

H E : y't ait)xytaz-jy-itaz-lxitaa-xtac.IT) , aitltQT].

via change of variables

E : y2=x3+ACT) + BIT)

where 41-11=-161411-1-113+27 BAY) -1-0

CHT) = -24.3A (T)

Cbt) = -2%33BIT)

jt) = -¥, 1728 HAITI)
}

4) { Et : y
'
= itAlt) + Blt) Itt Q} where Alt)-1-0 except for

finitely many tea
each Et is called a fibre .

* elliptic surface E : an algebraic surface E with

• a surjective morphism it:{ → C ,

C is a smooth pnoj. curve ,
where an but finitely many fibres are @onsingnlan
elliptic cannon .

• a section of : C → E
.

• we say a family
is isotniviae

if the j- invariant jt) = -¥, 1728 HAITI)
}
is constant

else we say
it is non - isotnivial .



• mediation mod p, PITI
• E has good reduction modpiff up41=0 .

multiplicative reduction mod p iff up 41>0 and upto)=0 .

additive reduction modp iff vp④>0 and rplct)> 0 .

• Kodaira type : to classify the type of
reduction .

Kodaira type Vp# WITH Vp#(Atl) ↳⑦ (BH

Io 0 0 20 good
20 0

In n> O o o multiplicative
I*n-6 n > 6 2 3 additive

, potentiallymulti.
II 2 21 1

HI 3 1 22

IV 4 32 2

2 =3
additive

, potentiallygood .

IF 6

32 3

It 8 23 4

☒ * 9 3 35

#*
10 24 5



• study the rank in a family
via the root number

W (E) : = f-1)
ran

easier to compute using
by BSD conjecture an alternate definition

W(E) = - IT Wp(E)WIE) = C-1)
"

peas

parity conjecture where each Wp# e-{+1-1} is a local root number

defined in terms of the epsilon factors
of

the weir - Deligne representation of Qp
note : and WpfE)= 1 except for finitelymany P

'

WIE) = - l
Deligne.

'

73
⇒ w-1-0

Tate.
'75)

computing the meat number
a fon p>_ 5, let E

:

y
"- is-274×-5406 ,

then fpvohwlich, '93) :

1¥, if
the reduction of Eat p has type Io
I
,
I *

,

Im*
,
Iot

(F) It
.
I
*

w#=\p

(F) IV. ☒
*

-Eg) Im

• for p=2,3 , we refer to tables in 7.1-a1benstadt ('95)
and rpriggo 1103) .



Moot number in families

consider the family Elt) : y
'
-

- It AIT)✗+BIT)

define WHEN) :-. {ttalw(Elt) -- +1)
W
-felt)) :-. {ttalw(Elt)) = -1)

• if Elt) is isotnivial . then either
• both W+(ETD) and W- (ECT)) ane infinite .

• one of W+(ECT)), W- felt)) is empty .

e.g. (Cassels -behind,
'

82)

ELT) : y
'
= XP- (1-+1-1) '✗

. g-CELT))= 1728 .

has wfeltf- 1 for an tea .

• if ELT) is non- isotnivial , then

• under certain conjectures . there we state the one
-variable version

which is applied to integer fibres)

let fatIIT) be primitive and squarefree .

let 1- denote an arithmetic progression
and let AH) :-. { TEA : HIEX} .

ehvwlu's conjecture
:

Squarefine conjecture :

gives an estimate on

gives an estimate on

the number of values felt) ,

the numberof elements
with 1-c- AIX), whose number

+ e- AH) such that
of prime factory has a

certain parity . felt) is squarefree
.

apply to
apply to tune whenholds for f every

ironed . Be := TIP
ME := TIPsit . degf

__ 1 factor of the places of
places of
multi. reduction

has deg .
at bad reduction .

must 3 .

both W+(Elt)) and W
- (ECT)) are infinite (Desjardins ,

'16)

(phones the two
- variable version).



• however
,

the nets

WHEN,I) :=/ttzlwfeltt-tljw-IE-1.TL) :=/tt2 / WIEN= -1J
are not necessarily both infinite .

• e.glWashington's example . Rizzo
'

03) note :

ECT) : y
? ×'t -1×2- (-1-3)×+1 if weeks)=i then

rank is even
has W felt)) = - l for all tt2 . but cannot conclude

and Wank (Ect) ) = 1 for Itt < 1000
. it is nonzero.

• our goal : to find more examples
like Washington 's



Families with low- degree coefficients note :

if there is a finite
place of multiplicative

• Consider the family of elliptic cannon reduction, then the

average woot
number

Et : y2= it azlt) Xftagltxt ask) , oven I is 0 .

where degai £2 for i= 24,6 . (Helfgott,
'03

Helfgott,
'09)

• There are 6 different classes of non - isotuiuial families
with no multiplicative reduction at finite places (Bertin. David, Delaunay ,

'18)

7-slt) : y
'
-_ ✗
"
+ 3tÑ+3sx+st t

'
-s (E)

Gwlt) : wy!
xp +31-8+37×+42 t- I (E), t (Il)

rffwlt) : wy? 3+18+2-71-+32×2+3121=11×1-(1-+1) t (-11-1) t2_¥t +1 (IL)

Hult) : wy
'
= ✗
'+ tlt-7) Xi- btlt- 6) ✗ +21-(51--27) t (Il) +2-101-+2-1 (E)

Jm, wlt) : wy2= ✗3+31-2×2-3Mt✗ +m2 t3tm (1)

Lwssilt) : wy2= ✗3+3444×2+3sx +s(t2+v) t4t2vt2+ v2-s (1--1)

• claim : only the families Fett and Insult) with S =-3v2
,
wtz

may have subfamilies with
constant root numbers on

integer fibres .

We saya finite bad place given by
a

primitive polynomial PIT) is insipid
if it has Kodaira type :
• Iot
• II. It, IV. It

*

,
and of form • the families

ptt-f-YI-3g-Y.f.gtI.LT] distinct \,
Gwltl

, rttwltl, twltl, fmwlt)
do not have constant moot

• It
. It
* and of form numbers on integer fibres

PIT)= ftp.tg-tif.gc-I-7distinct 7 • for the families
Theorem (Desjardins ,

•18) : Tilt) and Lw.sn It,

Let E be a family of elliptic curves Pltl is insipid iff s= -3M, rtI .
and sps E has a bad place that is
not insipid . Assuming ehowen and
squarefree holds for Mq and Bee,

we have # W±lE,2) = as
.



3. The family!,H)

Tilt) :

y
'
= it3txt+3s + st

,
s =-3 v2

by a change of variables.
4,4 ) : Y'=

3- 3 It?g) ✗ 1-21-11-2- b)

Alt) = -2633s It? g)
2

let Plt) : = tks then pltl is a bad place of thedoing type# .

Mean that WCet)= Tplwpfeetl .

• does the following hold ? NOT YES.

W(Et is constant ifef tp . Wp*(E+) is constant
for an t for an

b-

•
we need to write this differently so that

local contributions behave independently .

• need to introduce Jacobi symbol and the Liouville function
.

(Helfgott,
'09)

(Desjardins,
'16)

the modified root number.
Let Plt) : = t :S . Then define the modified focal moot number :

sgn(PAD t)) WIED
, p=z

WE@f) :=
↳ (*" Wz( Et)

, p=3

#Yp Mwp (Et), 10>-5

Theorem (Desjardins,
'18) : W⑨t)=_Twp*Et)



We use results from Chim 's 418) and Bettin - David -Delaunay@8)
to compute Wpt@tfdependingonvpS1iVplt1.Vplt2_s1.SpEsp_y.s, , etc .

goal : find conditions on s so that

tfelt) has constant moot number

on integer fibres .

example .

5=-3. then WE@2) =/, Writes)= -1.

8=-3.4
.

then WE@+1=-1
,
WE@g) = I

5=-3.9.
then WE @2) = -1, WE@61=1

5=-3.16
.
then WE@-61=1, WE@A)= -I

8=-3.25
, then WE@a) = -1, WE@6) =L

? ? ?



4. Results and consequences
Theorem 1 (c-Desjardins)

Recall W±(Tesla, 2) = {tc-ZIF.lt) nonsingular, WCF.lt/--t- I} .

Then # W+(Testes, -14 = as
,
and # W-1%4-1, I)= as

.

In other words, there does not exist SEI sit. Felt his
constant root number for all ttI .

goal : find conditions on s sothat}
""Voninteger fibres .

☐
ez[mm

oh no
.

but wait . . .

recall Washington 's example in fact Elt) is WIET ) not W@t) not
constant * constant

Elt) : y2= ✗ 3+-1×2- (1--3)×+1 isomorphic to Tesla "+b)
in subfamilies

has constant moot number
with 5=-22.35

,

for all tfI
+e-Agg .

for TEI . a-- 12, 6=18 .

Consider ttaItb
,

a,btI .



Theorem 2 (c-Desjardins)

Let s, aib 0-2 be nonzero and s= -3m? NEZ.

Then the family tfelautb) has constant root
number as

u varies through 2 if and only if these 3
conditions hold :

(1) up (b) ( Upfa) or tzVpS1IVp@7EVplbJfowallpZ5sit.p Is ;

(2) v3 (b) Lv, (a) or § ( v34)-3) EV, (a) £ V3 (b) ;

(3) one of the following :
(a) Vs (b) 1-2L V2 (a)
(b) V2 (b) +2 = Vacay and V2 1=-0 (mod4) and

(is V2 (s) - 2 Vzcb) ( 0
,
or

ciis V2 (5) - 2 Vzcb) = 2 /mod4)
,
> 0

,
or

Ciii V2 (s) - 2 vzcb) = 0 (mod4) , > 0 and bz = 1 (Mod4)

(C) V2 (b) +2 = Vacay and V2 1=-2 (mod4) and

(is V2 (s) - 2 Vzcb) ( 0
,

or

Iiis V2 (5) - 2 vzcb) = 2 and bz =-3 (mod4) , or

(iris V2 (s) - 2 vzcb) I 0 (mod4) , > 0 ,

or

Civ) V2 (5) - 2 Vzcb) = 6
,

or

(V) Vs (S) - 2 Vzcb) = 2 /mod4)
,
> 6 and bz = 1 (Mod4)

(d) V2 (b) + I = Vacay and

(is V24) - 2 vzcb) C -4
,

or

Iiis V2 (s) - 2 v2 (b) = -2 and v24)=2(mod4)

(e) 1-21441+6) E Vaca) { Vzcb)

(f) Iz / V24)-14) = Vaca) { Vzcb) and V24) = 2 (modty



To summarize ,

given a non -isotnivial family E of elliptic curves

Et : y2= XP+ azltlx
't axltxt dolt)

, degai I2

and assuming
Chawla 's conjecture and the sguanefnee

conjecture hold fun Me and Bee respectively .

we show that W±(E. E) =/tc-I : W@+1--1=1} are both infinite
unless E is of the form Te

, fautb) as in
Theorem 2

on Lw
, ,,
ulautb as in (C-Desjardins) .



Mann jump .

Let E be a family of elliptic curves ,

and define the generic rank rk(E)
to be the Wank of E

at an elliptic curve over ④ IT).

Theorem (Silverman,
'83)

rk(E) Ink@e) bow an but
finitelymanyEt Q

\ for 5--12kt ,

Y wkffesct)) 21
Theorem (Montini -

David - Delaunay.
'18) :

I s= -12kt
,

KENrkµs)=|o '. otherwise

• under the parity conjecture, this means
if a subfamily a.Itb satisfies Wcfglautb)) = 1 for all utE,

then every non- singular integer fibre tfgceutb) has rank 2 or more .
(for an but finitely many)

•

from theorem 2 we may compute conditions on a. b

under which Wcfglautb)) = 1 for all UTI .

• example : let s= -12.54
,
a= 23.3.52. q ,

b-- 2? 3- 5-q
where q is a prime site qts .

Iie. Eu : y2= 3- 90011200 U'+240ut3y) ✗

+36000112000h
>+360062+610at37)



moot
number

rank ? families of
elliptic curves
Et

nonisotnivial

integer fibressummary (Washington 'sexamples of example)

families with

rank@+7>-2 .

for b- c-I.

conditions on
siaib sit . families with

tfzilautb) low-degree coeffd .

has constant and no multi .

moot number t.lt, Insult) reduction .

for all Uta . with s= -3Wh

i



Thank you
"
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