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Notation

e Kiis a cyclic extension of Q of degree 3.
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Notation

e Kiis a cyclic extension of Q of degree 3.

@ Y is a non trivial caracter of Gal(K/Q).

@ g=cond()).

@ F e Z[X,Y]is abinary form of degree 3.

@ R is a domain of R2.

@ For & > 0and R adomain of R2, we denote

R() = {x e %x R }.
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Notation

We look for an asymptotic estimate, when & — o, of

Q(&aKa F) = Z I’3(F(X)),

xeZPNR (&)

Alexandre Lartaux On the number of ideals which norm is a binary fori 16th April 2021 3/26



Notation

We look for an asymptotic estimate, when & — oo, of

Q(&?K» F) = Z I'3(F(X)),

xeZ2NR (&)
where r3(n) counts the number of ideals of Og of norm n.
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Notation

We look for an asymptotic estimate, when & — oo, of

Q(é?ﬂ? F) = Z f3(F(X)),

xeZ2NR (&)

where r3(n) counts the number of ideals of Og of norm n.
Here, we have

ra(n) = (1% %%)(n),
where x is the convolution product.
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Notation

We look for an asymptotic estimate, when & — oo, of

Q(é?ﬂn F) = Z f3(F(X)),

xeZ2NR (&)

where r3(n) counts the number of ideals of Og of norm n.
Here, we have

rs(n) = (1xx*x%)(n),
where x is the convolution product.

(f+g)(n) = ¥ #(d) (d)

din
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Main theorem

Before establishing the main theorem, we make 4 hypothesis on the
domain X_and the form F.
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(H2) Vx e R, ||x|| < 1;
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Main theorem

Before establishing the main theorem, we make 4 hypothesis on the
domain X_and the form F.

(H1) The domain & _is open, convex, and bounded with smooth
boundary;

(H2) Vx e R, ||x|| < 1;
(H3) Vx e R, |F(x)| < 1;
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Main theorem

Before establishing the main theorem, we make 4 hypothesis on the
domain & and the form F.
(H1) The domain & _is open, convex, and bounded with smooth

boundary;
(H2) Vx e R, ||x|| < 1;
(H3) Vx e R, |F(x)| < 1;

(H4) The form F is irreducible over K.
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Main theorem

Theorem (L., work in progress)

Let§ >0, K, y, F and R_as before, such that (H1), (H2), (H3) and (H4)
are checked.
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Main theorem

Theorem (L., work in progress)

Let§ >0, K, y, F and R_as before, such that (H1), (H2), (H3) and (H4)
are checked. We have

Q(F.&R) = K(F)L( LRI + O as) (1)
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Q(F.&R) = K(F)L( LRI + O as) (1)
where

K(F) = Kq(F) [ T Ko(F) (2)
pla

The constant K,(F) and Kq(F) are explicit.
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Main theorem

Theorem (L., work in progress)

Let§ >0, K, y, F and R as before, such that (H1), (H2), (H3) and (H4)
are checked. We have

2
Q(F.&R) = K(F)L( LRI + O as) (1)
where

K(F) = Kq(F) [ T Ko(F). (2)
pla

The constant K,(F) and Kq(F) are explicit.

Furthermore, if the ring Ok is principle, we have a geometric
interpretation of the constants Ky(F) and K,(F) for pt q.

Alexandre Lartaux

On the number of ideals which norm is a binary for

16th April 2021 5/26



Main theorem

The proof of this theorem is based on methods developed by La
Breteche and Tenenbaum.
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Main theorem

The proof of this theorem is based on methods developed by La
Bretéche and Tenenbaum.

To prove it, we need some results on an arithmetic function called
Hooley’s Delta function.
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The Hooley’s Delta function

Definition
For n>1and (uy, u2) € R?, we define
As(nur,up) = Y, A,
lo]] d2|n
eli <djelit!
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The Hooley’s Delta function

Definition
For n>1and (uy, up) € R?, we define

A3(n, U1,U2) = Z 1,

d1d2|n
eli<di<elit!
and
As(n):= max |Asz(n,uy,uo)l.
a(n) (u1,uQ)€]R2| a(n, i, g))|
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The Hooley’s Delta function

Theorem (Hall and Tenenbaum, '85)
For a "nice" arithmetic function g, we have

Y a(n ) < x(log x)°(").

n<x
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The Hooley’s Delta function

Theorem (Hall and Tenenbaum, '85)
For a "nice" arithmetic function g, we have

Y a(n ) < x(log x)°(").

n<x

A "nice" function is a positive and multiplicative function g which

satisfies a prime number theorem with mean value over prime number
equals to 1.
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The Hooley’s Delta function

Theorem (Hall and Tenenbaum, '85)
For a "nice" arithmetic function g, we have

Y a(n ) < x(log x)°(").

n<x

A "nice" function is a positive and multiplicative function g which
satisfies a prime number theorem with mean value over prime number
equals to 1.

Example

In our case, if we put F(x) = F(x,1), the function pz is a "nice"
function, because F is irreducible over Q.
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The Hooley’s Delta function

Definition
Forn>1, (u,uz, vy, v2) € R? x [0,1]?, and f;, & two arithmetic
functions, we define

Ds(n,fy, b, i, vi g, v0) = Y. fi(dh)f(dk),
adi dg‘n
eu,'<dl,<eu,‘+vi
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The Hooley’s Delta function

Definition
Forn>1, (u,uz, vy, v2) € R? x [0,1]?, and f;, & two arithmetic
functions, we define

Ds(n,fy, b, i, vi g, v0) = Y. fi(dh)f(dk),
d1d2\n
eu,'<d’,<eu,‘+vi
and
A3(,77 f1>f2) = maXx |A3(n> f1,f2,U1,V1,U2,V2)|.

(u1,u2,v1,v2)€R2x[0,1]2
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The Hooley’s Delta function

Theorem (L., work in progress)

Ify1 and X2 are two non trivial Dirichlet caracters such that x1Xz2 is non
trivial, then, for a "good" arithmetic function g, we have

Y 9(n)As(n,x1.%2)? < x(log x)PHo(1),

n<x

where p =~ 0,218.
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The Hooley’s Delta function

Theorem (L., work in progress)

Ify1 and X2 are two non trivial Dirichlet caracters such that XXz is non
trivial, then, for a "good" arithmetic function g, we have

Y a(n)As(n,x1.%2)? < x(log x)PT(),

n<x

where p ~ 0,218.

A "good" function is a positive and multiplicative function g which
satisfies a prime number theorem with mean value over prime number
equals to 1, but also the following equality.

Y 9(p)f(p) = O(xecVIoex)

p<x

for f =91, f =72 and f = x1X2.
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The Hooley’s Delta function

Example

In our case, for 1 =, X2 = X2 and F(x) = F(x, 1), the function p is a
"good" function, according to (H4).
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The Hooley’s Delta function

Example

In our case, for 1 =, X2 = X2 and F(x) = F(x, 1), the function p is a
"good" function, according to (H4). Indeed, we have x° = 1, so 2 = x.
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Sketch of proof- First step : a good approximation

We use the convolution identity

(txx*xx?)(n) =Y x(ch)x
d1 d2|n
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Sketch of proof- First step : a good approximation

We use the convolution identity

(txx*xx?)(n) =Y x(ch)x
d1d2|n
to obtain
QE R, F) =Y, (1xx*x*)(F(x))
xeR (&)

= Y x(d)xB(a)N(didb, F)NR(E)],

(di,0b)€(N¥)2
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Sketch of proof- First step : a good approximation

We use the convolution identity

(15 %%%) =Y x(d)x
d1d2|n
to obtain
QER,F) =Y (1+x*x®)(F(x))

xeR (&)
= Y x(d)xB(a)N(didb, F)NR(E)],
(dh,0z)e(N*)2

where

A(s,F):={(m,n) € Z? : s| F(m,n)}.
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Sketch of proof- First step : a good approximation

We look for a good approximation of the quantity

[A(chdz, F)NR(E)].
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Sketch of proof- First step : a good approximation

We look for a good approximation of the quantity

IA(didz, F)NR(E)|.
For s € N*, we define
p?_—L(s) = Z 1,
1<a,b<s

F(a,b)=0 mod s
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Sketch of proof- First step : a good approximation
Lemma (Daniel, 1999)

Let F a binary form of degree 3 irreducible over Q. We have

T(d;d
102
Y sup‘|/\(d1d2,F)ﬂﬂ((?;)|—Vol(ﬂ{)ézp’:(z - )
1<di<yr R d1 dz
1<d<ye 3)
(g,0102)=1

< (Ev/yya + y1ya) log(€)°).

where the supremum is taken on the set of domains R_which check
hypothesis (H1), (H2) and (H3).
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Sketch of proof- First step : a good approximation

Lemma (Daniel, 1999)
Let F a binary form of degree 3 irreducible over Q. We have

T(dsd
102
Y supIA(chok. F) R (E)] - vol (%) P 122)
1<di<yy R d1 d2
1<d<ye 3)
(g,didb)=1

< (Ev/yya + y1ya) log(€)°).

where the supremum is taken on the set of domains R_which check
hypothesis (H1), (H2) and (H3). )

The proof of this lemma uses an approximation of the number of points
of a lattice in an open convex domain, this is why we need (H1).
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Sketch of proof- First step : a good approximation
Lemma (Daniel, 1999)

Let F a binary form of degree 3 irreducible over Q. We have

t(did
102
Y supIA(chok. F) R (E)] - vol (%) P 122)
1<di<y; R dyd;
1< <2 3)
(g,didb)=1

< (Ev/yya + y1ya) log(€)°).

where the supremum is taken on the set of domains R_which check
hypothesis (H1), (H2) and (H3).

The proof of this lemma uses an approximation of the number of points
of a lattice in an open convex domain, this is why we need (H1). It also
uses the theorem of Hall and Tenenbaum on the function As.
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Sketch of proof- First step : a good approximation

Corollary

Lety > 2, and F as before. We have, foru € R™

did
Y, sup|n(arce, I R(6) - vol e
1<didb<sy R
e“<d2<e“+1 (4)
(q7d1d2):1
< (VY +y)log(E)°M.
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Sketch of proof- First step : a good approximation

Corollary

Let A> 0 and F as before. If2 < y < E,A, we have we have

Y. sup||A(didz, F)NR ()| —vol(R) P
1<didb<y R 142 (5)
(Q7d1d2):1

<a(Evy +y)(logg)' o).
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Sketch of proof- First step : a good approximation
In the equality

Q& R, F)= Y, x(d)x*(c)A(dids, F)NR(E),

(dh,00)€(N¥)?

e can control the contribution of (dy, d>) which are well bounded.
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In the equality

Q& R, F)= Y, x(d)x*(c)A(dids, F)NR(E),

(dh,00)€(N¥)?

we can control the contribution of (dy, d») which are well bounded.
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Sketch of proof- First step : a good approximation
In the equality

Q& R, F)= Y, x(d)x*(c)A(dids, F)NR(E),

(dh,00)€(N¥)?

we can control the contribution of (dy, d>) which are well bounded. We
want to make a "variable change" in the sum (1 * %2)(F(x)), putting

d3 = F(X)/(d1d2).
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Sketch of proof- First step : a good approximation
In the equality

Q&R F)= Y x(cd)x*(c)IN(did, F)NR(E),

(dh,00)€(N¥)?

we can control the contribution of (dy, d>) which are well bounded. We
want to make a "variable change" in the sum (1 * %2)(F(x)), putting
d3 = F(X)/(d1 dg).

For that, we need x(F(x)) = 1.
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Sketch of proof- Second step : Parametrization
q = cond(Y)

=] F = E DA
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Sketch of proof- Second step : Parametrization

q = cond(y)
Forns.t(n,q)=1,

(1% *%%)(n) # 0iff x(n) = 1.
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Sketch of proof- Second step : Parametrization

q = cond(y)
Forns.t(n,q)=1,

(1% *%%)(n) # 0iff x(n) = 1.

If d | g* then Vn > 1

(1xx*x2)(dn) = (1% %% %%)(n).
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Sketch of proof- Second step : Parametrization

FER)=Y Y LY ¥ 0fuaKan) ©

d|g= di|g™ 0cG1 db|q™ BE Wa, 0,0,
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Sketch of proof- Second step : Parametrization

FER)=Y Y LY ¥ 0fuaKan) ©

d|g= di|g™ 0cG1 db|q™ BE Wa, 0,0,

where Fg 4, o, and Rg 4, 4, are built from £ and X by linear
transformation,

Alexandre Lartaux On the number of ideals which norm is a binary fori 16th April 2021 19/26



Sketch of proof- Second step : Parametrization

FER)=Y Y LY ¥ 0fuaKan) ©

d|g= di|g™ 0cG1 db|q™ BE Wa, 0,0,

where Fg 4, o, and Rg 4, 4, are built from £ and X by linear
transformation,

Woo.co = {B E€Z/dqZ : (B,di) =1, F(dh,B) = adb mod chgq},
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Sketch of proof- Second step : Parametrization

FER)=Y Y LY ¥ 0fuaKan) ©

d|q= di|g= AEG1 do|q™ BEWo, gy 0y

where Fg 4, o, and Rg 4, 4, are built from £ and X by linear
transformation,

Wo,o,.00 == {P € Z/doqZ : (B,ds) =1, F(d1,B) = ad> mod dq},
Gi :=Ker(x) C (Z/qZ)*
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Sketch of proof- Second step : Parametrization

WFER)=Y Y LY ¥ &(fua Ras) ©

d|g= ch|g™ AEGr d2|q” BEWoLdy .0y

where Fg 4, o, and Rg 4, 4, are built from £ and X by linear
transformation,

Woc,d1,d2 = {B € Z/dqu . (B,d1) =1, F(d1,B) = oldb mod dgq},
Gi :=Ker(x) C (Z/qZ)*
Q(F.&R)= ),  r(F(mn))

(m,n)eR(E)
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Sketch of proof- Conclusion

In order to estimate Qx(F,&, R), we write

Q(F.ER)= ), x(d)x*(cR)lA(didz, F)N DN R(E)]

(didz,q)=1
and we put
zy = ?';(Iog?';)_d',
25 = E(log&) >,
zg := §(log&)?, v
2 :=§(log&)’®

with & = 0,0069. Then we make the following partition on the sum over
(dy, o),
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Z4
Ds b,
Z3
Dy Ds
Z2
Zq D1 D2
Ds
|
Zq Zo Z3 Z4
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Sketch of proof- Conclusion

The contribution of (dy,ds) € Dy can be dealt with the lemma.
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Sketch of proof- Conclusion

The contribution of (dy,ds) € Dy can be dealt with the lemma.

The contribution of (dy,ds) € D> U D4 can be dealt with the first
corollary.
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Sketch of proof- Conclusion

The contribution of (dy,ds) € Dy can be dealt with the lemma.

The contribution of (dy,ds) € D> U D4 can be dealt with the first
corollary.

The contribution of (dy, d) € D3 U Dg can be dealt with the second
corollary.
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Sketch of proof- Conclusion

The contribution of (dy,ds) € Dy can be dealt with the lemma.

The contribution of (dy,ds) € D> U D4 can be dealt with the first
corollary.

The contribution of (dy,ds) € D3 U Dg can be dealt with the second
corollary.

The contribution of (dy,dy) € D7 U Dg is dealt with a change of variable.
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Sketch of proof- Conclusion

The contribution of (dy,ds) € Dy can be dealt with the lemma.

The contribution of (dy,ds) € D> U D4 can be dealt with the first
corollary.

The contribution of (dy,ds) € D3 U Dg can be dealt with the second
corollary.

The contribution of (dy,dy) € D7 U Dg is dealt with a change of variable.
The contribution of (dy,ds) € Ds can’t be dealt with the lemma or the
corollary. This is why we need the result on the function twisted by two
Dirichlet caracters.
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Sketch of proof- Conclusion

The contribution of (dy,ds) € Dy can be dealt with the lemma.

The contribution of (dy,ds) € D> U D4 can be dealt with the first
corollary.

The contribution of (dy,ds) € D3 U Dg can be dealt with the second
corollary.

The contribution of (dy,dy) € D7 U Dg is dealt with a change of variable.
The contribution of (dy,ds) € Ds can’t be dealt with the lemma or the
corollary. This is why we need the result on the function twisted by two
Dirichlet caracters.

Only the contributions of (dy,dy) € Dy and (dy,d») € Dg count for the
main term of the theorem. Others are error terms.
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Ok is principle

If Ok is principle.

=} F = E DA
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Ok is principle

If Ok is principle.

where | = (a).

=] F = E DA
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Ok is principle
If Ok is principle.

where | = (a).
= M4, M, M3 = Z-basis of O
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Ok is principle
If Ok is principle.

where | = (a).

= M4, M, M3 = Z-basis of O

P(y,z,t):= NK/Q(}/O)1 + zmy + tog).
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Ok is principle
If Ok is principle.

where | = (a).
= M4, M, M3 = Z-basis of O

P(y,z,t):= NK/Q(}/(D1 + zmy + tog).

We can show

Kq(F) =1 Ko(F),

pla
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Ok is principle
If Ok is principle.

where | = (a).
= M4, M, M3 = Z-basis of Ok

P(y,z,t):= NK/Q(}/(D1 + zmy + tog).
We can show

Kq(F) :HKP(F)a

pla
and for all p € P,

Ko(F) :klinw#‘{(x,y,z, )€ (Z/p"Z)° : F(x) = Py, 2,t) mod pF } .
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Ok is principle

The explicit expression of K;(F) found in the main theorem is

Ky(F) = k'l’;% [xe@/q0p F(x) € 74},
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Ok is principle

The explicit expression of K;(F) found in the main theorem is

Ky(F) = I!iinw% [xe@/q0p F(x) € 74},

where

Egr 1= U {nez/q"7Z :3d; | g, n= ag® mod (diq,q")},

aEe Gy
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Ok is principle

The explicit expression of K;(F) found in the main theorem is

Ky(F) = I!iinw% [xe@/q0p F(x) € 74},

where

Egr 1= U {nez/q"7Z :3d; | g, n= ag® mod (diq,q")},

aEe Gy

and

Gy :=Ker(x) C (Z/qZ)".
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Ok is principle

Lemma
Let n € N* such that (n,q) = 1. The following properties are equivalent.
e y(n)=1,

o Exists (y,z,t) € Z3 such that

n=P(y,z,t) mod q.
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Ok is principle

Lemma

Let n € N* such that (n,q) = 1. The following properties are equivalent.
e y(n)=1,
o Exists (y,z,t) € Z3 such that

n=P(y,z,t) mod q.

The second property is local, so it allows us to break Kq(F) into a
product of K,(F).
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Ok is principle

Lemma

Let n € N* such that (n,q) = 1. The following properties are equivalent.
e y(n)=1,
o Exists (y,z,t) € Z3 such that

n=P(y,z,1) mod q.

The second property is local, so it allows us to break Kq(F) into a
product of K,(F). Ky(F) are given by an explicit computation of

H(y,z, t) e (2/p"Z)% : P(y,z,t) = AH

for p| q.
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Ok is principle

Lemma

Let n € N* such that (n,q) = 1. The following properties are equivalent.
e y(n)=1,
o Exists (y,z,t) € Z3 such that

n=P(y,z,t) mod q.

The second property is local, so it allows us to break Kq(F) into a
product of K,(F). Ky(F) are given by an explicit computation of

H(y,z, t) e (2/p"Z)% : P(y,z,t) = AH

for p| g. This computation uses decomposition of pOk into prime
factors and the fact that all ideals are principle.
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Ok is principle
Forpfq
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Ok is principle
Forptaq

2 +( hK
Kp(F) _ (1 _@) (1 _X l()p))kzx)pl;(;; )(X*X2)(pk)

As for p | g, to transform this expression of K,(F), we have to comput
explicitely

H(y’z’ t) € (Z/P*L) : P(y,z,t) = Amod pk}‘
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Ok is principle
Forptq

o6 (152 (- 202) £ e

As for p | g, to transform this expression of K,(F), we have to comput
explicitely

H(y,z, t) € (Z/p*Z)° : P(y,2,t) = A mod p"H
and this computation needs the knowledge of prime factor

decomposition of pOk and the fact that the prime factors of pOk are
principle.

Alexandre Lartaux On the number of ideals which norm is a binary for 16th April 2021 26/26



Ok is principle
Forptq

7 = (1= 120) (1 L00) 3 B0 2y v,

p k>0 P

As for p | g, to transform this expression of K,(F), we have to comput
explicitely

H(Y,z, t) € (Z/p*7)® : P(y,z,t) = A mod pkH

and this computation needs the knowledge of prime factor
decomposition of pOk and the fact that the prime factors of pOk are
principle. This prime factor decomposition is given by the value of
x(p)-
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